Scalar- Tensor theories from A(</>) Plebanski gravity 
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We study a modification of the Plebanski action, which generically corresponds to a bi-metric 
theory of gravity, and identify a subclass which is equivalent to the Bergmann-Wagoner-Nordtvedt 
class of scalar-tensor theories. In this manner, scalar-tensor theories are displayed as constrained 
BF theories. We find that in this subclass, there is no need to impose reality of the Urbantke 
metrics, as also the theory with real bivectors is a scalar-tensor theory with a real Lorentzian 
metric. Furthermore, while under the former reality conditions instabilities can arise from a wrong 
sign of the scalar mode kinetic term, we show that such problems do not appear if the bivectors 
are required to be real. Finally, we discuss how matter can be coupled to these theories. The 
phenomenology of scalar field dark matter arises naturally within this framework. 

I. INTRODUCTION 

This paper is concerned with scalar-tensor (ST) theories, i.e. theories with the following action principle 
[1-3]: 

S\g^ v ,i>,Q] = I yjR(g^) + C^(g^,vj) + C m (iJj,g^,Q). (1) 



The dynamical variables are the metric tensor field g M „, the scalar held ip and tensor matter fields Q. 1 
Historically, such theories have attracted interest because of the possibility of a time- varying gravitational 
constant ip. The most natural theory to consider from this point of view is the Jordan-Brans-Dicke (JBD) 
' choice 

O ' 

c (jbd) = _^^ vgrj C^ BD \^,g^,Q) = C m {9^,Q), (2) 



with a dimensionless coupling constant u. This theory is severely constrained by solar-system experi- 
ments, the most up- to date constraint being cj > 4 x 10 4 [4]. Recently there has nevertheless been a 
renewed interest in ST theories [5], incited both by theoretical and phenomenological results. On the 
theoretical front, the dilaton arises from dimensional reduction, as has been known since the study of 
Kaluza-Klein theory. Most notably the low energy limit of string theory is a ST theory [6]. On the 
phenomenological front, the interest has been spurred by the possibility of a first order phase transition 
ending an inflationary epoch, providing a graceful exit and avoiding the slow-roll conditions [7]. One is 
however forced to consider more general scalar actions £,/,, by introducing a potential V{ijj) and by allow- 
ing u to depend on the scalar field u>(ip). Such a theory has the potential to combine ST phenomenology 
at early times with present constraints, whenever w evolves from small values to the large- value general 
relativity limit. Such a mechanism has also been displayed in a class of ST theories in which all dila- 
ton coupling functions coincide [8], cosmological evolution attracting the dilaton to a state in which it 
decouples. 

It will be shown in this paper how massive ST theories arise in A(cj>) Plebanski theory. This class 
of modified gravity theories is the non-chiral analogue of non-metric gravity [9, 10], which has been 
introduced motivated by the asymptotic safety program. Aside from providing an arena to examine 
effective quantum gravity actions, these theories offer a promising avenue for a unified description of 
gravity and Yang-Mills theories [11-14]. Both modified theories are inspired by the Plebanski formalism 
for general relativity, which describes gravity by a cubic action principle and more in particular as a 
constrained SU(2) or 5*0(3,1) BF-theory. The fundamental geometric variable in this formalism is 
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1 We will restrict the discussion to tensor matter fields, but since we will be considering a first order formalism for gravity, 
the connection being a dynamical variable, spinor matter fields are easily described. 
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a 5u(2) respectively a so(3, 1) bivector, and the Lorentzian metric is obtained as a derived geometric 
quantity. While the chiral and non-chiral Plebanski formalism are equivalent, both being a formalism 
for regular general relativity, the non-chiral modified theory differs significantly from non-metric gravity. 
Generically A(0) Plebanski theory contains 8 propagating degrees of freedom (DOFs), as opposed to the 
2 DOFs of non-metric gravity [15, 16]. We will identify a non-generic subclass in which these 8 DOFs 
reduce to the 3 DOFs of a ST theory. The scalar action C$ that arises naturally from these theories 
behaves as a free field for small values and grows exponentially for large values. Minimally coupled 
scalar fields with such a potential have attracted interest because of the dark matter phenomenology 
they produce [17, 18]. 

Furthermore, in this ST subclass it is possible to discuss the fundamental aspects of A(0) Plebanski 
theory in detail. In particular, different reality conditions can be imposed on the bivectors such as to 
obtain a real Lorentzian metric, and in the unmodified theory these are equivalent. In the modified 
theory, different reality conditions yield a different theory, and it is not clear which reality conditions to 
impose. We will compare these different conditions in the ST subclass. Another aspect of A(</>) Plebanski 
theory which has not been clarified is the coupling of matter fields. Without an understanding of this 
coupling, it is impossible to extract physical consequences already in the ST subclass: in the absence 
of matter fields, it is possible to make a conformal field redefinition g M „ = ipg^u, and have a minimally 
coupled scalar field. It is the presence of non-conformally invariant matter fields (such as a massive 
scalar point particle) which singles out the physical metric as the one with respect to which test particles 
move on geodesies. We discuss a method to couple matter to A((j>) Plebanski theory by hand, and show 
how minimal coupling is obtained for the ST theories. Whether minimal coupling arises as an attractor 
in phase space is left as an open question. This 'coupling by hand' is to be contrasted with the more 
ambitious approach followed in [14], where it is attempted to unify not only Yang-Mills fields but also 
fermionic matter fields with the gravitational fields. The matter coupling discussed in this paper is more 
pragmatic, but the results are not without interest for this unified perspective. We are able to single out 
the metric with respect to which the scalar field is minimally coupled, establishing how at least one of 
the emerging matter fields couples to gravity. 

After a review of A(<p) Plebanski theory in section II, the subclass of the theory resulting in ST theory 
will be discussed in section III. In section IV we discuss the coupling to matter. Finally, aside from 
the physical motivations discussed above, the results of this paper can also be interpreted as giving a 
BF formulation of massive ST theories. Massless ST theories cannot be obtained in the A(<j>) Plebanski 
framework, but finding a BF formulation of massless ST theory is straightforward once the description 
of massive ST theories is understood. We discuss this in section V, and show how the JBD theory, which 
doesn't arise naturally in this setting, can be recovered. 



II. AO) PLEBANSKI THEORY 

In the non-chiral Plebanski formalism, Lorentzian, resp. Euclidean, general relativity is described by 
a set of so(3, 1), resp. so(4)-valued bivectors B 13 (i.e. B 13 — —B 3 * = —B 1 ^). We refer to appendix A 
for further details on the notation. The Plebanski action principle 

S Pl [Bit, A 1 /, fajKi] = j B IJ A Fjj(A) - X - {$ I3KL + ^euKL^j B IJ A B KL , (3) 

is that of a constrained BF theory. Here, a la Palatini, the connection Aj/ is taken as an independent 
variable, and 4>ijkl is a Lagrange multiplier obeying the symmetries of the Riemann tensor, (f>i.jKL = 
4>klij — ~4>jikl and e IJKL (pUKL = 0. The role of the simplicity constraints 

B IJ A B KL _ a l_ e UKL eMNpQB MN A B PQ = ^ (4) 

which result from varying with respect to the Lagrange multipliers, is to put these bivectors into cor- 
respondence with a tetrad. This correspondence occurs because the constraints are solved, as will be 
detailed below, by 

£ g V = ±(*eAe) 7J , B^ie'Ae', (5) 
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where * is the hodge dual in the Lie algebra (not the space-time hodge dual). The remaining field 
equations 

d A B = (6) 

F IJ [A] = 4> IJ KL B KL , (7) 

with d,A the connection differential, can be used to show that (i) A is the spin connection e^V^e"' 7 , with 
V the metric-compatible derivative, (ii) for the solution B gI , the metric satisfies Einstein's equations, 
and (iii) for the solution B top , a topological theory is obtained [11]. These results are also apparent from 
substituting (5) back in the action, yielding the Einstein-Cartan action for B = B gI and the topological 
action / e 7 A e J A F[A] U for B = B top . 

The correspondence between BF theory and general relativity that is provided by the Plebanski for- 
malism rests on the simplicity constraints. These constraints break a part of the gauge symmetry of 
BF theory, and without them the theory is topological. They can however also be relaxed by replacing 
<I>ijkl by <j>ijKL + j-A-(<f>)eijKL, where A is a function of scalar invariants of the Lagrange multiplier. 2 
The gauge symmetry of BF theory is still partially broken, and the resulting theory, with action principle 



Smp 



= Jb ij A Fjj - \ (^ukl + B" A B KL , (8) 



is not topological. The field equations (4,6,7) are then modified to 

B u A b kl _ ±-e IJKL < B A *B > = -\q^z <BA*B>, (9) 

d A B = 0, (10) 

F IJ (A) = (<p IJ KL + ^e IJ KL )B KL . (11) 



When the Hessian of A(</>) is non-singular, (9) yields equations for the Lagrange multipliers instead of 
genuine constraints. It was shown in [15] that, for such non-singular cases, the resulting theory contains 
8 DOFs. In [16, 21], those DOFs were identified as a massless graviton coupled to a massive graviton 
accompanied by the Boulware-Deser ghost. Apart from the 2 DOF general relativity case (3), A(</>) = A, 
singular cases yielding less than 8 DOFs non-perturbatively have not been discussed in the literature. In 
the next section we will show how a singular potential, where A(</>) is only a functional of ipo = Tr ((/>), 
gives rise to a theory with 3 DOFs: a massless graviton coupled to a massive scalar field. 

Before discussing this, it is useful to explain in more detail how to solve the simplicity constraints. In 
order to do so, we decompose (4) in its irreducible components. First, we split B IJ in its Lie-algebra 
selfdual (SD) and anti-selfdual (ASD) components: B IJ = PHyBl^ + Pf\ i B % ,y In the Euclidean case, 

one has introduced 6 real bivectors B^ + y B^ + y while in the Lorentzian case 3 complex bivectors B 1 ^ 

are introduced, and in order for B IJ to be real, the ASD part is its complex conjugate, 

BU=B\Zy (12) 

Any set of 3 bivectors can be required, as a condition on the space-time metric, to be (A)SD wrt the 
space-time hodge dual 3 , such that B can be parametrized by [16, 22] 

B u = P^b^^ie^} + P&^PU.M-V]. (13) 

Here has been required to be ASD instead of SD, such as to be consistent with (12) and a real hodge 
dual, in the Lorentzian case. In terms of these parameters, the Lorentzian reality conditions are given by 

&(")=&(+)*, e (-)= e (+)*, (14) 



2 Studying such relaxations is motivated by the effective action rationale of allowing all terms of correct dimension and 
symmetry. We refer to [19, 20] for a more complete discussion of the motivations. 

3 Whenever B l A is non-degenerate this condition determines the metric uniquely up to conformal factor. 
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while for the Euclidean case all fields are taken to be real. One should note that the parametrization 
(13) is not unique: B IJ is invariant under a transformation b — » fl 2 b, — > Q~ 1 e I . In order to fix this 
ambiguity, one requires det(6) = 1, and in the Euclidean case introduces r], fj = ±1 to take into account 
that this transformation cannot change the sign of det(6): 

B 1J = vP^ bi+) )H + )^ {+)I J + WP&^PU.M-V]. (15) 

In the Lorentzian case, rj = fj = 1. Using this parametrization, the irreducible decomposition of (4) is 
given by 

n(^2^e (+ W+^ - n™ J 2 ( x^ e ( - ) m(-)^ (16) 
+0(^4^+)* &(-)? E* +) A £{_) + n(^2V^( e (+) m(+) - e<->m<->) = 0, 

where m^ ij = rn (+) = Tn(m^ ij ), e<+) = det(e< + >£) and likewise for the ASD quantities. It 

follows, using unimodularity, from the (2, 0)- and the (0, 2)-componcnts that 4 



m 



(+)« =m (- 



= <P J ', (17) 
such that the scalar component reduces to 

e (+)=e(-). (18) 

The (1, l)-components are solved by e^ 1 oc e^ 1 , up to a proper Lorcntz transformation which doesn't 
affect the result. In the Euclidean case, it follows from (18) that this factor is ±1: 

so(4): e(->£ = ±e(+>£ = e£. (19) 
In the Lorentzian case, the factor is any 4th root of 1, 

50(3,1): e (-)£ = e ife i e (+K fc = 0,...,3. (20) 
The reality conditions (14) then imply that e' + ^ and e^ - ^ can be related to a real tetrad by 

e (£) ; = ±e !£n ^;, n = 0,...,3. (21) 

Substituting 6* = 6* = o"*- and (19) resp. (21) in the decomposition (15), one obtains for the Euclidean 
and Lorentzian case that 

B u = fjttl e i Ae J + f j^l^eAe) IJ , (22) 

where for the Lorentzian case we have conveniently replaced n — 0, 3 by rj = ±1, fj = ±1 to parametrize 
the different solutions, such as to explicitly show the equivalence of the Euclidean and the Lorentzian 
case. The explicit relation between these parameters is given by n = (fj + mod 4. For n = 1, one 
obtains the topological solution of (5), while for 77 = — 1 the gravitational solution is found. 

Let us point out that Lorentzian gravity, with a real Lorentzian metric, can be recovered in two different 
ways. In the first approach, the bivectors B are taken to be real, as discussed above. Alternatively, one 
can require the reality of e' + ' and after introducing rj and fj in the parametrization, i.e. impose the 
reality conditions of the selfdual Plebanski formulation. Since under this assumption both real tetrads 
are independent, the results can be obtained by studying the Euclidean case and introducing factors 
i where appropriate. If the simplicity constraints are satisfied, this reality condition gives either real 
(topological sector) or purely imaginary bivectors (gravitational sector). Factoring out i in the action of 
the latter sector, it is found that the two reality conditions are equivalent, in the presence of the simplicity 
constraints. In the absence of the simplicity constraints, the phase of B is dynamical, and cannot simply 
be factored out of the action. Hence these reality conditions differ, and yield a different A(<j>) Plebanski 
theory. We will clarify the differences between both reality condition in the ST subclass that is discussed 
in the next section. Under the condition of real e^ + ' and the theory splits in two sectors, one having 
the right sign and one having the wrong sign of the kinetic term. Under the condition of real B, the 
scalar field is guaranteed to have the right sign of the kinetic term in both sectors. 



4 More precisely, in the Lorentzian case also mW" = e ±l 3 8{j arc unimodular solutions. However the condition detfe = 1 
only fixes Q, 2 up to a factor e ±l ~ , and this remaining ambiguity can be used to fix = Sij. 
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III. MASSIVE SCALAR TENSOR THEORY FROM MODIFIED CONSTRAINTS 

A 'weak' relaxation of the simplicity constraints, is to relax only the scalar component in (16), i.e. 
relax (18). In that case e^ + ^ and e^f, are constrained to be conformally related: 

m 11 = rh 11 = 6 ij , e< - >£ = V>e (+) £. (23) 

In the Euclidean case, ip is simply a real variable, while in the Lorentzian case, it follows from (14) 
that it is a phase ip = e 1 ^ and one can relate e( + ) and eS^ to a real tetrad e by e(+)£ = ±e 
e^ - ^ = ie'^ej. B is given by 

50(4): B IJ = ^i^(* eAe ) /J + f ] l±^le I A e J ; (24) 
50(3,1): £ /J = -sin(0)(*eAe) /J -cos(0)e / Ae J . (25) 



This solution is equivalent, after a redefinition of the tetrad 

1+T)V>' 
l — J^ljj'- 



~ l—rtib 2 

v 
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e i -> e i r esp. \/|sin(0))|e^ -> e£, 



and of the scalar *^!/^ ~~ * ^ resp. cot(0) — > ip, to 



B" = ±(H^)e ; Ae J , (26) 

which was also discussed in [23, 24], where an extra constraint was imposed to fix ip to a constant and 
obtain the Hoist action, ip playing the role of the (inverse) Immirzi parameter. We will show that if 
this constraint is not imposed, ip becomes a scalar propagating degree of freedom, responsible for the ST 
character of the theory. In this sense, the ST theories obtained here originate from considering a time- 
varying Immirzi parameter, rather than a time-varying gravitational constant. For the generic analysis 
of section IIIB we will however stick to the parametrization (24-25): in this paramctrization, one can use 
(23) to split equation (10) in its (A)SD parts most elegantly. 

In the class of theories described by (8), this relaxation can be achieved by choosing 

A(0) = A (^o), (27) 

as the right-hand side of equation (9) then only contributes to the (0, 0)-component, leaving the (2, 0)-, 
(0, 2)- and (1, l)-components of the constraints untouched. Hence these are solved by (23). In comparison 
to the theory with a generic potential A(<p), where also these components are relaxed, this subclass is 
more constrained. More specifically, as this generic case corresponds to bi-metric theories of gravity 
[16, 21], the ST subclass can be interpreted as a constrained bi-metric theory, where the 2 metrics are 
constrained to be conformally related. 

The scalar component on the other hand, is modified to 

»// x 1 < B A B > aip 

A ^ = -2 <BA*B> =-TT^- ™ 

Generically, Aq(<^o) 7^ and this equation can be solved for ipo. Values of ipo at which A"(<po) = then 
serve as singular points of phase space, splitting the theory in different sectors. Before discussing this, 
we first consider the case Aq(^ ) = 0, the scalar component still constraining the dynamical variables. 



A. Linear potential Ao 

If the scalar potential A is given by 

AoM = 2A - -^ , (29) 
4a 

equation (28) can be solved for ip iff |a| > § (otherwise the action has no stationary points). The solution 
is given by 



ip(a) = 2a ± ^4a 2 - o. (30) 



6 



Substitution of (26) and (30) in the action yields 

S = J ± * e 1 A e J A F, j + tP(a)e' A e J A F u - 4A (l + crip 2 (a)) e, (31) 

which is the Hoist action, with the Immirzi parameter and the cosmological constant given by 

7" 1 = rp(a) = 2a±\/Aa 2 - a, (32) 
A = A (l + crip 2 {a)) = 4aA cr ha ± ^Aa 2 - a) . (33) 



In (31), the ± signs correspond to 2 different sectors of the theory. In the absence of matter, the effect of 
the sign is equivalent to switching the sign of the potential term (which can be accounted for by changing 
the sign of the parameters appearing in the potential) , and in the remainder of this section we discuss 
without loss of generality the + sector. In the presence of matter fields, the signs of all kinetic terms 
have to be equal, and in section IV both sectors will be considered. 
It has been noted in [23, 24], that (3) with <f> satisfying 

(Sijkl + a<J6 IJKL )0 IJKL = 0, \a\ > |, (34) 

instead of ei.jKL<f> IJKL — 0, corresponds precisely to (31-33) (without the ± signs). This point of view 
is easily understood to be equivalent to (8), with the potential A given by (29) and the usual condition 
£ijkl4 >IJKL = 0. Starting with (34), one can make a field redefinition (jjl — 0+ ^ia'/'oe satisfying e-(f>' = 0. 
In terms of this variable, the action (3) is then given by 

J B" A F U - \ {^' IJKL + 1(2A - ^euKL) B 1 ' A B KL . (35) 

B. Generic potential Ao 

1. The Euclidean case 

As already mentioned, the compatibility equation is most elegantly solved by parametrizing the solution 
of the unmodified simplicity components by (24). In terms of these parameters, (28) reads 



A^o) = (36) 



In the non-linear case, the equation can be solved for tpoiip)- In general, this solution is not unique, 
different solutions yielding n different sectors in which ip £ Ii = }ipi,ip i+ i[, i — l..n with <pi = — oo, 

A"(ifj) = 0, j = 2. .n and (p n +\ = oo, and thus — ^j-pjpr £ Aq(7j). To avoid heavy notation, we will study 
the theory in one such sector, i.e. choose one (arbitrary) solution. The simplest case is the quadratic 
potential 

AoM = (37) 



for which a unique solution 



41- V 4 

«* = - a TTF (38) 



exists. We will use this case for illustrative purposes. 

Substitution of equation (24) in equation (10), and splitting the equation and the variables in their SD 
and ASD parts yields 

dS (+)- e M( + ) AS (+) = ( 39 ) 
d^j-^AEf., - (40) 
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These equations can be solved for A 1 ,,, yielding 

A3 _ pj p I-rj p vJ 

+ - - r (+)/J e ^ V M e 



- P J 



(41) 
(42) 

(43) 



where V (resp. V) is the covariant derivative wrt the metric associated to (resp. ipe 1 ^). Hence we have 
solved for the connection: 



(44) 



Substituting (24), the solution of (28), and (44) in the action, one obtains, up to a total derivative, 

_1 - rjip 2 



v- 



where 



(45) 



(46) 



As can be expected, the choice of (non-linear) A only affects the potential terms, the structure of phase 
space is not affected by it. For the choice (37), 



(47) 



A more direct way of deriving (45) is by substituting (23) in the action (67) of [22], where the compatibility 
equation (10) was solved for general B, using the parametrization (15), before using (23). 

One can diagonalize the kinetic terms by switching from the Jordan frame to the Einstein frame, i.e. 
making a conformal field redefinition g^ v — £l~ 2 g IM/7 with 



2f, 



1 — 7]1p 2 ' 



(48) 



where again we can, without loss of generality, choose fj such that the argument of the square root is 
positive. The action is then given, up to total derivatives, by (see e.g. [5]) 



R- 



6rj 



(l-# 2 ) 2 



(1-77V 2 ) 2 



(49) 



The canonical kinetic term for the scalar field is obtained by making a field redefinition V(V0 with 

dtp 



1 — Tjtp 



7, i-e. 



V / 6arctan(V'), rj = — 1 

4>(i>) = { V6arctanh(^), r\ = 1, \ip\ < 1 . 

v / 6arctanh(?/' _1 ) r\ = 1, \ip\ > 1 



(50) 



It is useful to note that in the first case, the scalar field will be constrained to r/> e] — \/6|,\/6f[ 
Explicitly, the action in the respective sectors is given by 



Je[R + V^WiP-V gI (iP)}, V = -l 

Je[R-V^W^-V top+ (^)}, ?7 = 1,|VI<1 • 
fe[R- " Kop- WO] , ?? = 1, | VI > 1 



(51) 
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with 

y gr (V,) = 4cos 4 (^)T/ (tan(-|)) (52) 

F top+ (V) = 4cosh 4 (^)F (tanh(-|)) (53) 

Vuv-M = 4sinh 4 (^)T/ (tanh- 1 (^)) (54) 

Note that all sectors have three propagating degrees of freedom. This is also true for the case T] = 1, 
which corresponds to a topological theory when all constraints are kept. The sector with rj = — 1 has 
the wrong sign of the kinetic term. In the sectors with rj = 1, The kinetic terms of the graviton and the 
scalar field have the same sign, and the theory is ghost-free in the absence of matter fields. 
Consider the potential (37), with 77 = 1, as an illustration. The potentials (53,54) reduce to 

4 (sinh 4 (^)-cosh 4 (^)) 2 
a ( S mh 4 (^)+cosh 4 (^)) 

This potential is bounded, but we will see how the Immirzi parameter and the cosmological constant 
affect this result in section IIIC. 



2. The Lorentzian case 



The Lorentzian analysis is analogous to the Euclidean one, the difference lying in the details. Equation 
(28) now reduces to 



Kifo) = -^tan(20), 



(56) 



which generically can be solved for (po((f>), again with the possibility of different solutions from which we 
pick one. For the simplest choice (37), the solution is given by (pa = — - tan(20). The (A)SD parts of the 
compatibility equations can again be solved for the (A)SD parts of the connection, the solutions being 
given by 



such that 



K J = e ' V ^ J + \j J KLe«e vL V v <l>. 
The resulting ST action is given by 



- sm(^)R + - sin^JV^VV - V (<j>) 



with 



the choice (37) leading to 



V {<j>) = -^ o (0)sin(20) - 2A o (^o(^))cos(20), 



a cos(20) 



(57) 



(58) 



(59) 



(60) 



(61) 



The sign of the scalar and tensor kinetic terms is always equal, which is contrary to the situation in the 
Euclidean theory. This is clearly not changed by going to the Einstein frame g^v — | sin(0)|</ M „, in which 
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the action is given by (immediately dropping the hats, and again dropping the ± signs by considering 
- sin(</>) > 0) 



ism ((f)) sm ((p) 



(62) 



When Vb is bounded from below, the Hamiltonian also is bounded from below, in the absence of matter 
fields. 

The canonical scalar kinetic energy term 

S = [e[R- V^Vtf ~ vm , VW = . (63) 
J sm (0(^)) 

can be obtained by taking ip = ln(| tan(^)|). Again the original theory contains two sectors: this held 
transformation maps both ] — 7r,0[ and ]0,7r[ to R. In general they differ by the resulting potential, but 
with (61) being a symmetric function in tan(^), for (37) both theories are equivalent, and the potential 
is given by 

8 sinh 2 (J|V0 

V(cp) = - P . (64) 

a sinh 2 ( v / §V>) - 1 



This potential approaches | for large ip, and has a singularity at ip — ±y | ln(l + \/2) = ±c, effectively 

splitting the theory in 3 sectors (fields taking value in one of the three regions split by these singularities, 
stay in this region). There only is a minimum (rcsp. maximum) in the bounded sector ip g] — c, c[, 
for negative (resp. positive) a. In the next section we will find that this situation is changed when 
the Immirzi parameter and the two cosmological constants are introduced, and we will comment on the 
physical relevance of such potentials. 



C. The Immirzi parameter and the cosmological constants. 

One can add the Immirzi parameter 7 and 2 cosmological constants A and /i to (8) by introducing the 
following extra terms in the action: 5 

S = J B" A Fjj + 7- 1 * BlJ AF"- 1 - (^ IJKL + ±±^ tIJKL ^5 IJKI )j B IJ A B KL . (65) 

In the absence of matter, these constants can be absorbed in the definition of A(<^>), except for the second 
term if 7 = ±1 in the Euclidean or 7 = ±i in the Lorentzian theory . This is trivial for A, which is absorbed 
in A((p) in the following, but requires field redefinitions for /1 and 7. Taking 4>ukl — <Pukl ~ \^ijkl 
one immediately understands that \x leads to a theory of the standard form (8), where in A((p), ip has 
to be replaced by ipo + 2fi. The discussion of the Immirzi parameter requires a bit more work, which has 
ben relegated to appendix B. Apart from showing that for 7 7^ iy/a the second term in (65) can be 
absorbed in the potential, it is also shown that non-metric gravity is recovered for 7 = i-^/a. 

Let us discuss the effects of 7, A and /j, on the ST subclass. As one can check, the field redefinitions 
that were used to demonstrate the above results do not affect (27), and accordingly also (65) with a 
potential of the form (27) and with 7 7^ i^/cx is a ST theory. The different parameters will affect the 
potential V(ip), and we will illustrate how these now parameters affect (55) and (64), i.e. the potential 
obtained from (37). The analysis is analogous to that of section IIIB: the modified constraints lead to 



5 One can go further and add terms like Ai(<p)ip MN ij4>mnklB ij A B KL . Obviously, these can also be accounted for 
by a field redefinition of 4>ijkl- The reason to only discuss the terms in (65) is that (i) these are the simplest, and as 
wc will see they already yield interesting phenomenology, and (ii) as these terms have been studied extensively in the 
non-modified theory, it is important to understand their role in A(<^) Plebanski theory. 
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(24) or (25) and (38), and equation (10), still present since cLa commutes with the hodge dual, can be 
solved to (44) or (58), which upon substitution in (65) leads to 



£Eucl 
^Lor 



■_ l + 7 -l_^,2 (1 _ -1) 
V n " 



3r7(l - 7 " 1 )V^V^V ~ VeucKV) 



(sin(0) + j- 1 cos(^)) R+- (sin(<f>) + 7" 1 cos(^)) V^V^ 



^Lor(^) 



with 



VEucl(V') = - 



4\2 



1 (i - V) 

a 1 + 



A(l + ^ 4 ) +Ai (l-V 4 ), 



^Lor(V) = - ^i 2 ^ + 2Acos(2<ft) - 2 M sin(20). 



(66) 
(67) 

(68) 
(69) 



If 7 = 1, -0 is clearly not dynamical in the Euclidean case: (67) is just general relativity with 
an effective cosmological constant (which is of course a member of the non-metric gravity class of 
theories). To understand the other cases with 7 = ±\f(T, we make the conformal held redcfini- 



n 



tion g^ v 
9nu = - (sin(0) 

<5euc1 = 
Shor 



■ • 



9\iv (again chosing 77 such that the conformal factor is positive), resp. 



7 1 cos(0)) g^, in terms of which the action principles are given by 



R-6rj 



R 



4Vbucl(V0 



2 (sin(</>) + 7 1 cos(0))' 



(l + 7 - 1 -^ 2 (l-7- 1 )) 2 



(sin(</») + 7 _1 cos(0))" 



(70) 
(71) 



It is then clear that any case with 7 = ±\fa simply gives general relativity with an effective cosmological 
constant. As for uj = — | in Brans-Dicke theory, it is only after going to the Einstein frame that one 
realizes that the scalar field is not a propagating degree of freedom. 

The generic case 7 7^ ±^fo indeed gives a ST theory, for which the ghost properties of the Euclidean 
theory are unchanged when -f 2 > 1: (70) is stable for rj = 1 and unstable for rj = — 1. For •y 2 < 1 this 
situation is reversed. 6 As before, the Lorentzian theory is ghost-free for any real value of the Immirzi 
parameter. 

We focus on the stable sectors, for which the field transformation needed to obtain a canonical scalar 
kinetic term is given by 



so(4) : VWO 



50(3,1) : = 



y/6 arctanh( v l+j-i ^) , 
V6arctanh(^7 ? i±^V" 1 ), V> 2 ?7 



^Vj^t < 1; 



1+7' 



- > l; 



(72) 



-\/6arctanh( 



l- 7 - 1 tan(f ) 

V]±cl 



), <P e]2arctan( 7 - y/1 + 7 2 ), 2 arctan( 7 + y/1 + 7 2 )[; 



V6 arctanh( 1 ^2 (a ' ( i ) ) . 4> e]2 arctan( 7 + a/1 + 7 2 ), 2 arctan(7 - ^/l + 7 2 )[! 



(73) 



6 This might be surprising at first sight, as wc pointed out that for 7 7^ ±1 only the potential is affected. One should note 
however, that r) is a parameter obtained from B, which can be affected by the field redefinition (B2). This is indeed the 
case: when B is given by (24), 

a - 1 + 7' 1 -r ? V- 2 (l- 7 - 1 ) , l + 7~ 1 + r?V' 2 (l-7~ 1 ) . 
B = n *eAe + T7 eAe 

2 2 

- 1 — »ji/> 2 - 1 + 170 2 
= r/ *eAe + t) eAe, 



where e = + 7 M e i *? = ^sgn(l +7 1 ), ^ = y j | an d most importantly ?) = r/sgn(l — 7 2 ). It is this last rj 

which determines the stability. The correct interpretation is not that 7 affects the stability (there is still a stable and an 
unstable sector), but that 7 affects the value of rj, which labels the sectors. 
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Let us discuss the potential for the Euclidean theory first. In the first sector, the potential is, immediately 
dropping the hats, given by 



V= (l+ 7 -l)2 C ° Sh ( 



V6 



) - 



ifl-^tanh^. 



l + ^tanh 4 ^) 



+ /i + A+(A- y u)/3 2 tanh 4 (- 



(74) 



where (3 = j^-t- The potential in the second sector can be obtained from (74) by replacing 7 — > —7 
and -4- — yu. For small V) these potentials behave as a free field, 



Vty) 



(A + fi ■ 



1 



(I+7- 1 ) 2 
while for large fields they behave like 



3(l+ 7 - 1 ) 2 



(2A + 2/1-A- 1 ) V 2 , 



(75) 



v(V) 



M7~ 



2^e 



1*1 



1*1 



7" 
7 



7- V or A ^ 

1 = 0, A = 0,/i ^ 0, 
= 0, A = 0,£t = 



> 1. 



(76) 

The effect of A, 7 and fi is to cause an exponential behavior at large values of the fields. As has 
already been noted in the introduction, such potentials have attracted interest in cosmology, due to the 
energy density which tracks the matter/radiation energy density at early times, when \ip\ 3> 1, and their 
behaviour as pressureless cold dark matter at later times when <C 1 [17, 18]. Scalar fields with such 
a potential are referred to as scalar field dark matter (SFDM) in the following. 

For the Lorentzian case, the explicit inverse of (73) with 7- 1 7^ is more complicated. As the explicit 
formula for the general potential is long and not very instructive, we discuss the effects of the cosmological 
constants and the Immirzi parameters separately. For 7 -1 = 0, the potential is given by 



V = 



sinh 2 ( v /|^) 
a sinh 2 (,/|^) - 1 



- 4 y usinh(\/-?A) - 2A 



the second sector being related to the first one by replacing fi 



sinh 2 (W-V.)-l 



[i. As in the case A 



(77) 



/i = 0, this 

potential has 2 singularities, at | sinh(y' |?/>)| = 1, which separate 3 sectors. When A = /i = we found 
that only the bounded sector had a minimum, for negative a. While (77) displays the same behavior in 
the bounded sector, it is changed in the unbouded sectors | sinh(^/|V)l > 1- A minimum is found in both 
of these sectors iff A < 0, a > (and for such parameters, both sectors are stable). For A = 0, fi 7^ 0, 
only the sector with — sgn(/i) sinh(^/|^) > 1 is stable (and displays a minimum). The behavior of the 
potential for large values is given by 



-2Aev^ 



-A fie 



U'\ 

1 

4, 



A^0 

A = 0, fi i= 
A = = fi 



M » i- 



(78) 



While it is clear that, for \^\ taking initial value ^> 1, the singularities in the potential will not affect 
the interpretation as SFDM in the unbounded sectors with mimimum, the effect of these singularities for 
generic initial values is still unclear. 

On the other hand, setting fi = A = 0, the potential in the first sector reduces to 



V 



32 



(7 + 7- 1 + 27Cosh 2 ( 7 J)( v /IT^ 2 "tanh(^) - 1))' 



a(l + 7 - 2 ) 2 



1+7- 



cosh 2 ( ^ )(1 _ v /lT^ tanh( j/ s)) 



(79) 
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As in the previous cases, there are two singularities for -f 2 ^ 1, but at different values of the field, given 

by 

r /l- 7 - 1 (±l±V2)\ 
V> = VBarctanh v — L , (80) 

V V 1 + ^ 2 J 

where among the 4 choices of signs, only the 2 for which the argument of arctanh is in ] — 1, 1[ are selected. 
For 7 2 = 1, only one singularity arises, at ip\i\ = V6 arctanh( ) , and hence the theory is only split in 
2 sectors. The behavior at ±oo is given by 

_2 ( itV^+^ Y ^ 2 / i 

V( v{ \ i+7- j (8 i) 



the =F signs reflecting the fact that the coefficients at ±oo differ. In the unbounded sectors, the potential 
for 7 2 7^ 1 has a minimum and the theory is stable iff a(l — 7~ 2 ) > 0. When 7 2 = 1, there is always 
1 stable and 1 unstable sector: for a > 0, the sector ]i/>|i|,oo[ is stable, while for a < the sector 
] — 00,^111 [ is. It is noteworthy that in the limit 7 — > ±00, the potential (79) does not approach (64). 
Both singularities (80) tend to +00 and the behavior at ±00 will in this limit be given by 

V « ( "Cfll * "°° • (82) 

The fact that the limit 7 _1 — > docs not reproduce the theory without Immirzi parameter, is due to the 
singularity of the field transformation (73) in this limit. The behaviour of the potential in the second 
sector is analogous. 

The above analysis reveals the differences between the 2 reality conditions that can be imposed on the 
Lorentzian theory, referred to at the end of section II. If the tetrads and in (15) are required 
to be real, it is straightforward to adopt the analysis of the Euclidean case discussed above. One finds i 
times (51), and consequently the theory is unstable in the sector in which r\ = —fj. If on the other hand, 
all fundamental fields, i.e. B, A and (j), are taken to be real, we found that the theory is stable in all 
sectors. The viability of the theory with real fundamental fields eliminates the need for reality conditions 
which impose reality of the tetrads, and from this point on, we restrict the discussion to the Lorentzian 
theory with all fundamental fields real. 



IV. MATTER COUPLING 



In order to interpret the results of the previous section, matter has to be coupled to the theory, i.e. we 
need to study which matter couplings terms C m in (1) can arise from (8) with matter coupled to it. The 
precise form of C m will significantly affect the phenomenology of (1). For example, with a generic coupling 
'C m (Q,5 Ail y, (f>) the weak equivalence principle (WEP) will be violated, which would be manifested by the 
presence of a fifth force. The WEP will hold for test particles, i.e. neglecting self-interaction, when all 
matter fields couple to the same metric g^ = A 2 {(f)g^ v , i.e. when the coupling term takes the form 

S m (A 2 (<p)g^,Q). (83) 

All test particles then move on the geodesies of g^ v = A 2 {(f)g^ lJ , the matter coupling singling out this 
conformal frame as the physical one. It is however useful to point out that it was shown in [8] that the 
metric coupling (83) is an attractor of a more general class of coupling terms, in which the masses of 
the different particles are taken to be a function of the scalar fields (with the extrema of these different 
mass functions coinciding). The deviations from (83) at the present epoch would be very small in such 
a scenario, but cannot a priori be excluded at early times. 

What kind of matter coupling can be expected to arise from (8) with matter coupled to it? There 
are different ways to address this question. In [14], a symmetry breaking mechanism was proposed, in 
which a vacuum solution of (8) with an extended gauge group G will break the gauge symmetry down 
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to SU (2) times its centralizer. As such, a unified description of gravity and matter fields is offered by 
B, with the SU{2) part describing the graviton, the centralizer part describing the matter fields. It is 
however still unclear how the standard model fermionic fields can be recovered in this framework, and 
we will not pursue this approach here. However, the results of the previous sector are a special case of 
such a unified description, both the gravitational and the scalar field being contained in B, in which the 
coupling between both fields is understood in detail. The scalar field is minimally coupled to — sin(0)<7 M „, 
which is the imaginary part of the Urbantke metric. While it is not clear how to generalize this result to 
the different matter fields 7 , it can serve as a guiding principle for doing so. 

A less ambitious approach is to couple matter fields 'by hand', i.e. by adding a term 

S(B,Q). (84) 

This approach of coupling by hand is more general than the unified approach, which will amount to a 
specific form of (84). Note that fermionic matter fields will require a term S(B,A, £), which does not 
pose extra complications. Elegant coupling terms have been proposed to couple matter to the Plebanski 
formalism in this way. Most notably scalar and Yang-Mills type matter can be coupled polynomially 
to B directly, as opposed to constructing the non-polynomial Urbantke metric and using the standard 
minimal coupling action [25]. Such Ansatze can be consider also in the modified theory, but in this 
section we study the general form (84), as was done for non- metric gravity in [26]. If one is to understand 
(8) as an effective quantum gravity action, the only restrictions on the matter Lagrangian are invariance 
under gauge transformations and diffcomorphism, and the recovery of minimally coupled matter in the 
Plebanski limit A(</>) — »■ A. The questions we set out to answer are (i) what conditions should, in the 
general class of A(cj)) theories, be imposed on (84) to obtain a viable theory, (ii) what is the phenomenology 
of couplings satisfying these conditions in the ST subclass, more in particular for which S(B, Q) is the 
scalar field minimally coupled to the metric wrt which matter couples (this is the coupling needed to 
derive the SFDM phenomenology referred to above)? 

Before proceeding, note that the two Urbantke metrics gffl — e^' 1 e^' J rjjj and gfa) = 

e^i ^' T el ^ J rjjj are complex for real B. There are many ways of defining a pair of real metrics. While the 
explicit formula in terms of B is less compact than proposals used in previous literature 8 , the real and 
imaginary part of the Urbantke metric, which for (25) are given respectively by 

9$ = 9$ + i9$ = cos{(j))g^ - i sm((f>)g^, (89) 
will be more useful in the following. Note that in the presence of the scalar constraint, these reduce to 

top: g$=o, g$=±g»v (90) 

gr: gj»=± 9ltv , g$ = 0. (91) 



7 In general it is not clear whether the imaginary part of the Urbantke metric is Lorentzian. It is possible to construct two 
independent real Lorentzian metrics from real B 1 ^, taking the real and imaginary part of e'+) as fundamental tetrads, 
but in the ST subclass, using these for parametrizing B has not proven very useful. 

8 Compact explicit formula are easily obtained for the real and imaginary parts of — <?(+)<?(+)>'"' = gW -|_ j^( 2 )^( 2 )>M 1 ' 

[21,23] or of V-gWgiV-- 

^/^W< 7 £ ) = \rtiNSjMKLBliB^PBf v N , (85) 

4^9$ = ^ViNejMKLB^B^^Bff, (86) 

with B IJ ^ V = -e^ 1 'f" ' Bpl . For solutions (25) of the relaxed constraints, one can check by direct calculation, or by using 
9^t' = ( cos W _ isin (0))Sn"'> tnat 

fWgW.i»> = icosW(cos 2 (0) - 3sin 2 W) 99 ^, /V 2) ' M " = ± sin«,)(sin 2 «,) - 3cos 2 (0))gg" 1 ' (87) 

O O 

\J -g( r )g$ = -sin(0)(sin 2 (0) - 3 cos 2 (4>))y/^gg^, \J~9^9pl = cos((£)(cos 2 (>) - 3s'm 2 ((p))y/^gg^. (88) 
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Consider the most general matter term 

S(B,Q) = S\ g $,g$,b$,b$>,Q], (92) 
with &W, the real and imaginary part of b^ + \ Under the condition 

C(g lu ,,0,S i j ,S i j ,Q) = C m (g lu ,,Q), (93) 

with C m the minimally coupled matter Lagrangian, a sector with matter minimally coupled to general 
relativity will be found in the 'Plebanski limit' A(</>) — > A. 9 This is easily understood: in the Plebanski 
limit, the simplicity constraints, and consequently a sector in which B = *eAe is a solution, are recovered. 
Substituting this solution in the action, one finds with (93) that matter is minimally coupled to the 
Einstein-Cartan action. Many Ansatze satisfy this criterium, and in the unmodified case all are equivalent. 

As wc assume that the Lagrange multipliers are decoupled from the matter fields, the (modified) 
simplicity constraints are not affected by matter. Hence, in the ST subclass, we are interested in 

S[- sin((f>)g^ , cos(4>)g^ v ,6ij, 6ij , Q] , (94) 

which is almost a generic ST matter coupling term Slg^, <fr, Q] where it not for the condition 
lim S[g^ v , (j), Q] = S m [g,i V ,Q]. Generically, this dependence affects the signs of the kinetic terms of 

the matter fields, implying a more complicated splitting in stable and unstable sectors. The following 
coupling reduces to (83) in the sector sin(</>) < 0: 

S\9$,gj?lb$,b™,Q] = S m \A\g^g$)g$,Q]- (95) 

Two types of coupling terms satisfying (93) are however of particular interest. 

As discussed in [27], an example of a class of matter Lagrangians yielding minimal coupling is 

C(g^,g^,b^,b^,<f> IJKL ,Q) = l -L m [-ig u+ , Q] + \c m [ig u - ,Q] (96) 

= ^C m [g^-ig^,Q} + ^C m [g^+ig^,Q] (97) 

Such a coupling obviously satisfies (93), and once the (A)SD split is made, this is the most natural real 
coupling term doing so. In the modified theory however, such a coupling involves some subtleties with 
respect to its stability. In the ST subclass, it reduces to 

ic^e^+f)^, Q] + ^jC m [e-<* + ^g^, Q]. (98) 

For a massive scalar field $, the matter Lagrangian C m = —y/—g (V^V^ + m 2 $ 2 ) coupling to (59), 
is then 

~g [sin(0)V M *V$ - m 2 (sin 2 (0) - cos 2 (</>))$ 2 )] (99) 

The signs of the kinetic terms are all equal, in both sectors sin(</>) < and sin(0) > 0, and hence do 
not incite instabilities, which can be demonstrated most clearly by going to the Einstein frame. 10 The 
potential terms however are more subtle. Note that, due to the singularity in (56) the theory will, in 
addition to the splitting sin(</>) < 0, sin(</>) > 0, always be split in two sectors subject to | cos(</>)| > | sin(0)| 
resp. | cos(0)| > | sin(0)|. We thus find 2 stable sectors: one with positive kinetic and negative potential 



More precisely we consider a sequence of potentials for which both A(4>) — > A and q^ijkl ~ * 0> the second condition 
being a consequence of the first one for polynomial invariants. 

With our sign convention ( h ++), one usually takes the signs in front of V M <I > V' i <I > to be negative, such as to have 

a positive contribution to the kinetic energy. This is of course only a convention, as the classical theory is not affected 
by multiplying the action by a global minus sign. When the potential terms give a contribution to the action which is 
bounded from below, a theory with all kinetic terms negative, such as (59)+(99) in the sector sin(^) > 0, is stable. 
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contributions to the action (sin((/>) < and |sin(<^)| > | cos(0)|), and one with negative kinetic and 
positive potential contributions to the action (sin(</>) > and | cos(</>)| > | sin(0)|). In the other sectors, 
the theory is unstable. For a Yang-Mills field, (98) yields, both in the Einstein and the Jordan frame, a 
coupling term 

J -\V~99^9 ufi F^F a0 . (100) 

Hence, contrary to the conclusions for the scalar field, the sign of the kinetic terms is only correct in the 
sector sin(0) < 0. 

While (96) does yield stable sectors, deciding on which sector is stable has to be done a posteriori. We 
therefor propose to consider the simpler 

£(9$, 9$, &g\ b^f^uKL, Q) = C m (g$,Q), (101) 

which also satisfies (93). Matter then couples to the Jordan frame action (59) by C m {— suv(4>)g^,Q). 
Hence, in the sector sin(0) < 0, it couples to the Einstein frame action by C m (g jiVl Q). In the absence of 
the Immirzi parameter, matter is then minimally coupled and in this sector no additional stability issues 
arise. Note furthermore that this is, in the absence of the Immirzi parameter but in the presence of the 
cosmological constants, the coupling needed to derive the SFDM phenomenology referred to above. 



V. BF FORMULATION OF SCALAR-TENSOR THEORIES 



It is immediate from the above discussion that a massless ST theory can be obtained by relaxing the 
scalar component of the constrains, without introducing a potential. In other words, the action 



Sst-bf[B ij , A IJ , Xijkl] — I B IJ A Fu — -XijklB ij A B KL 



(102) 



with A e (2, 0) (0, 2) (1, 1), i.e. Xijkl = Xklij = -Xjikl and S IJKL fi IJKL = e IJKL fi IJKL = 0, is 
a BF formulation of massless ST theories. It is not difficult to show this: the constraints 



B u A b kl = _1ijkl <B A*B> +\s IJKL < B A B > 
12 6 



(103) 



are solved by (25) and the resulting compatibility equation &aB — is solved by (44). Substituting these 
solutions in the action, it reduces the massless ST theory 



/ 



■sm((/))R + - sin^V^V^ 



(104) 



where the matter coupling will differentiate between the different massless theories. As an illustration, 
we will derive the matter coupling corresponding to JBD theory. As the kinetic terms will always have 
the right sign, only the stable theories lo > — | can be recovered. Taking matter to be coupled by a term 
^m[v,Q], with g^ v — £l(4>)~ 2 g^, one can make a conformal field redefinition g^ v = g^, to obtain an 
action principle, with the hats immediately dropped, 



/ 



efl 4 



- sin^fr 2 ^ + 6 sin^fr^V^ + -fT 2 sin(0)V^V\ 



+ S m [g^ , Q] . 



In order to compare this action to the JBD action, 



(105) 



(106) 



one should make a field redefinition ip(<fi) 
boundary terms iff 



sin(</>)f2 2 , to find that these actions are equivalent up to 



sin(0)Sl : 



-V„ (sm(cj))n 2 ) W (sin((/>)ft 2 ) = -6V M [ftsin^)] V^fi + - sin^)^ 2 V M 0V< 



(107) 
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This results in the differential equation 



3, . fdClV , 3, ,^ n dSl 



sin W -^ + i) Sin ^)° 2 



which has no non-zero solution for the unstable theory cj < — § or the 2 DOF theory lj 
splits in two first order differential equations 



(108) 



■§, but which 



3/2 
w+3/2 



dft 1 , 

— — - = - — cot ((B) ± 

2 1 KY! sm(<f>) 



n 



(109) 



for lj > —I. These are solved by 



n 2 ± (<A) = (|sin(4»)|) 



:>/2 



(1 +COS(0)) + V / ^T372 



:i/2 



(110) 



which means that to recover the JBD theory, matter has to be coupled to (104) by either S m [fi + 2 <7 M i/, Q] 
or S m [flZ g^v,Q]- Note that, just like (63) and JBD theory, (104) describes two sectors: a sector in 
which sin(0) > 0, i.e. Tp{<p) < and the physical sector (in which the signs of the ST and matter kinetic 
terms are equal) with sin(0) < and consequently il>{<j>) > 0- I n the latter, by using the formula 



tan(0) 



(BAB) 



12 V-det^ 2 )' 

cos(</>) and sin(0) can easily be constructed from the bivectors. 11 In conclusion, the action 

S = 5 S t-bf[B, A, /x] + S m \Al (B) g$,Q 

Al(B) = 




(111) 



(112a) 



(112b) 



constitutes a BF formulation of JBD theory. 

While JBD theory can also be obtained by simply coupling the scalar fields along the lines of section IV, 
here we exploited the fact that this scalar DOF is present already in the bivector field B. In conclusion, 
we have shown that JBD theory can be described as a constrained BF theory, but also for the massless 
case it is more natural to consider different ST theories. 



VI. CONCLUSION 

The 4-dimensional low energy string effective action of the massless modes is a scalar-tensor theory 
coupled to various gauge fields and fermions. We showed that also in A(0) Plcbanski theory, which has 
been advocated as an effective quantum gravity action, a scalar-tensor theory arises. We isolated the 
subclass in which only these scalar-tensor modes are propagating, and the scalar mode was identified as 
the conformal factor relating the two Urbantke metrics that can be constructed from the so (3, l)-valued 
bivectors. This subclass was then shown to be equivalent to the Bergmann-Wagoner-Nordvedt class of 
scalar-tensor theories, with a massive scalar particle. This is the main difference with the string effective 
action, which a priori is invariant under dilatations (though it is not clear how compactification affects 
this invariance). 



By using cos(^) 



7rh ZL and sin W' 

y l+tan^(<^) 



| tan(^) 
Vl+tan 2 (0) ' 
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We analyzed the consequences of different reality conditions, and showed that the simplest choice, 
requiring the bivectors to be real, leads to a viable theory. At least in this scalar-tensor subclass, there 
is no need to impose reality of the two Urbantke metrics. Working under the condition of a real bivector 
field, the scalar field is minimally coupled to the metric which is the imaginary part of the Urbantke 
metric. If the matter fields are also taken to be minimally coupled to the scalar field decouples. 
Whether such a coupling scheme arises naturally from a unified gravity-matter description for non-scalar 
matter fields is subject to further research. 

Finally, we showed that the scalar-tensor theories which arise from a quadratic A(yo) with Immirzi pa- 
rameter or cosmological constant, yield dark matter phenomenology. This incites the following question, 
which we do not attempt to answer here. In [28] , it was shown that in bi- metric theories of gravity, the 
conformal degree of freedom causes an exponentially fading repulsion, modifying Newton's law at large 
distances in such a way that the galactic rotation curves can be accounted for. This is closely related 
to the dark matter phenomenology found in this paper, as the scalar mode is precisely the conformal 
factor relating the 2 Urbantke metrics. However, in standard bi-gravity theories this conformal degree of 
freedom corresponds to a ghost, which propagates with the wrong sign of the kinetic term, implying its 
repulsive character. Due to the enhanced gauge symmetry of the potentially ghost-free bi-metric theo- 
ries of gravity recently proposed in [29], this unstable mode can be gauge fixed. As the remarks above, 
and the analysis of this paper, suggest that it is precisely this scalar mode which is responsible for the 
dark matter phenomenology, it is important to understand whether the results of [28] extend to these 
ghost-free theories. 
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Appendix A: Notation 

We are concerned with so(4) and so(3, 1), which are represented by 4x4 matrices X 1 j anti-symmetric, 
i.e. X IJ = —X JI , when the indices are raised by v/ J = (a, +, +, +), with a — 1 for so(4) and a = — 1 
for so(3, 1). One can define 2 different metrics on this space: 

Sijkl = Vi[kVl]j 

and the totally anti-symmetric cijkl normalized such that e 0123 = 1. e can be used to define the Lie 
algebra Hodge dual 

*X" = l% L X KL . (Al) 

X can be decomposed in its selfdual part (which is an eigenvector of * with eigenvalue cry/a) and its 
anti-selfdual (ASD) part (having eigenvalue —ay/a), and the projectors on the (A)SD part are given by 

P&kl = \ (5" KL + , (A2) 

e = + denoting the SD part and e = — denoting the ASD part: 

*P")KL = eaVa~P[j KL . (A3) 

su(2) labels can be introduced on the (A)SD subspace by choosing a (in the Lorentzian case timelike) 
direction and taking 

p/./ _nr>u _ x u , e V& j j 
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normalized such that 



p/J r>KL „r>IJKL x P IJ P KL rrR 



Given a tetrad, one can construct su(2)-valued two-forms by mapping the algebra indices to spacetime 
indices: 

£{ £ )[e] = i$ ) , JJ e J Ae J . 

These bivectors are (A)SD with respect to the spacetime hodge dual, and satisfy the following useful 
identity 

£*[e] A£L[e] = 2^ee5 ij . 



We will regularly consider fields <f> IJKL taking value in the symmetric direct product of the Lie algebras, 
i.e. tfi IJKL — <j> KLIJ = —cf) JIKL . We will denote such symmetrization by adding a line, e.g. (f> IJKL = 
( j ) (iJ\KL) _ i^ukl + i^klij^ Mogt i mpor tant for this paper is the case in which e I j K L(p IJKL = 0, such 
that <p takes value in (0, 2) ® (2, 0) ® (1, 1) ® (0, 0): 

iIJKL ( p/J pKL 1 ryUKL p \ iMNPQ , ( p/J r>KL 1 pIJKL p A iMNPQ 

<P = I ^( + )MlV^ + ) PQ - £ (+) F ( + )MNPqJ<P + I -T(_)MJV-^(_) PQ ~ 3^-) ^(-)MNPQ J <P 

+2P^ )MN P^ PQ r NPQ + ls IJKL 6 MNPQ( f> MNp Q 

p/J pKL !f p/J p/fL A , / p/J p/STL !r p/J p/fL A ^(-) 



( + - (+),fe ( + ),fe I Vij I J (-),« " 3^ (-).fc- 1 (-),fc J ^ij 



p (JJ pKL), h IJKL l£n 



6 

_ YfUKL A+) , U IJKL A-) , jtIJKL , , y l IJKL m 
= li (2,0),y<% + 11 (0,2),ij9 , ij + ^(l.iyjV'ij + ii (0,0) ¥>0, 

where we have introduced a suitable parametrization for the irreducible components 



Finally, we use angled brackets to denote taking the inner product with respect to 6, e.g. for the 
Lorentz-algebra valued bivectors B 

(BAB)=S IJK lB ij AB kl , (B A*B) = ^e UKL B IJ AB kl . (A4) 



Appendix B: General effects of the Immirzi parameter 



In this appendix we discuss the effects of introducing the Immirzi parameter to A(<fr) Plebanski gravity, 
in the absence of matter: 

S = Jb ij A F U + 7- 1 * Bjj A F IJ \ (^ IJKL + ^ £/JM ) B I J A B KL . (Bl) 

Because of the phenomcnologically interesting effects in the scalar-tensor subsector, an explicit analysis 
for k{4>) = Ao(<po) is discussed in the main text. The analysis for general potentials A(<p) is given here. 
For 7 ^ ±\A7) (Bl) is equivalent to A(</>) Plebanski gravity without the Hoist term, but with a different 
potential A 7 (0). This mechanism is responsible for the dependence of the mass of the second graviton 
on the Immirzi parameter [21]. When 7 = ±y/a, the theory reduces to the non-metric theory of gravity, 
which is the su(2) analog of A(<j>) Plebanski gravity. 
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1. Generic case: 7 / ±^/a 

In order to eliminate the Hoist term r y~ 1 * B]j A F IJ , a number of field redefinitions have to made. 
First, take 

B IJ = B IJ +- r - 1 *B IJ , (B2) 
which can be inverted to B IJ = _ 2 (B IJ — -f^ 1 * B IJ ), in terms of which 

S = J B IJ A Fjj - 2(1 _^ 7 _ 2)2 (tiJKL + \ [A(^)(l + a-y~ 2 ) - 7"Vo] B" A B KL , (B3) 



where 



1 2 

blJKL = <j>UKL - 27 _1 *(/>(/j|K L) + 1~ 2 *(I)*m N pq + -7~ VoeiJKL - H^Sijkl , (B4) 



with *<Pijkl = \ e Yj h J i'MNKL, 4>*ijkl = \ € kl 4>umn- There are 2 classes of solutions to the equations 
of this theory. In the first class 

-)• 

and one can take (B4) as a field redefinition, since in this class (B4) can be inverted to §ijkl{4>i.jkl)- 
In that case, (B3) reduces to the familiar form 



B IJ A Fjj - i 



hjKL + -X^{4>)eiJKL 




B A B , (B6) 



where a rescaling <f) — ^ 1 _J y - 2 ^ ) 2 4> nas been made, and where the precise form of the potential depends 
on the explicit form of the inverse 



A 7 (0) = A(0(0)) (1 + a 7 - 2 ) - 7"Vo(# (B7) 
The second class will only be present when d/ g^ — \ (0-7 + 7 _1 ) has solutions, and this condition will 



be identically satisfied in this class. Varying (B3) wrt ip, one obtains (^B A *Bj = 0. Hence the variation 
of the action wrt 4>ijkl is equivalent to 

B IJ A B KL = \ 5 IJKL l BAB \ ( B8 ) 

6 

In order to solve these equations, one can make an irreducible decomposition as in (16), the only difference 
being that the scalar component of the constraints gives e^m^ + e^m^ = 0. Hence m^ + ^ = 
m (-)y = <J«? an d e^ 1 = tpe^ 1 , and the conformal factor ip is determined by 

e<-> = -e< + ). (B9) 
In the so(4) case, no non-degenerate real solutions exist. In the so(3, 1) case, one finds four solutions 

B" = ±^e'Ae J i^(*eAe)". (BIO) 
v 2 v 2 

Substituting this in the action, one obtains plus or minus the Hoist action, with 7 = ±1. 
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2. Non-metric case: 7 = ±\fa 

For this case, it is convenient to rewrite the action in terms of the irreducible components of B and (j>, 
which for 7 = y/a yields 

S = f B\ +) A F{ +) \ + ASijj B\ +) A B[ +) \^ 3 B\ +) A B^ ^^_) A ^(Bll) 

= 4j ) + (^o-^-A)Sii, (B12) 
J 

B l _ is no longer a dynamical field, and we are only concerned with the dynamics of B 1 ^ and A^ + y It 
is convenient to make the field redefinition ((f>\j\ip ) — > <f> i: , which is invertible whenever \/v-§^ 7^ \- 
Varying (Bll) wrt ipo, one finds that AB 1 ^ = in the sector with yf&jf^ = \- It then follows from 
the variation wrt <fi( + > that B 1 ^ A B 3 , + , = 0, and this sector reduces to the degenerate su(2) Plebanski 
sector. Henceforth we focus on the sector with B^ A B^ 7^ 0. 
Varying (Bll) wrt B l , + ^ and A l , + y gives the respective equations 

F l {+) = (^ ) +M i0 )B\ +) + l -i, ij B{_ v (B14) 
d A(+) B = 0. (B15) 
The other equations are algebraic, and are given by 

B\ +) A B{ +) A B* +) = -J^B\ +) A fl« (B16) 

dA 

B U AB l +) = i^j^w- (bis) 

- 0. (B19) 

We are interested in the case with B 1 ^ A B 3 r + \ = h lJ an invertible matrix: in that case (up to a conformal 
factor) a metric can be constructed from the bivectors, by requiring that B 1 ^ is selfdual with respect to 
the space-time hodge dual. The B^ + ^s then form a basis for the space of selfdual 2-forms, and -B(_) can 
be decomposed in its space-time SD and ASD parts, 

Bl^Q^+Bly (B20) 

Equation (B18) can be solved for the coefficients of the self-dual part, and equation (B17) then 
determines 

B U AB l) = "I - (B21) 
Substituting this decomposition in equation (B19), one finds 

1>ij=-Qt$kj, $«^_)=0. (B22) 
Substituting the solution 12 $y = ipij = in equations (B14), (B15), (B16) one finds exactly the field 



Note that in general, <J> is constrained to be a zero divisor of (B21). Also for possible non-zero solutions of these equations 
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equations of non-metric gravity, with the action principle given by 

/ %) A F\X {+) ) \ (<4 + ) + ^A^P^ .pKf .^ B\ +) A B{ +) . (B23) 
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one can show that i/>ij-Bj?_j = 0. Either this equation together with (B16) can be solved for $ and in terms of 

or these equations give constraints on h 13 . The former case gives exactly the non-metric theories after integrating out the 
Lagrange multiplier <f>ij ■ The latter case appears to give a possible generalization of the non-metric theories, still with 2 
DOFs but with a constrained auxiliary field (e.g. Tr(fc 2 ) = c). 



